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Abstract
An algebraic definition for weak 2-biproducts in 2-categories is intro-
duced. It is shown that in a locally semiadditive distributive 2-category
(a 2-category whose 2-morphisms horizontally and vertically distribute
over monoid additions and whose Hom-categories are semiadditive cat-
egories) weak 2-biproducts are equivalent to weak 2-products and 2-
coproducts.
1 Introduction
Intuitively, a biproduct is an associative and commutative addition of objects
arising from limits/colimits. Addition of natural numbers in the category
of matrices or direct sum of vector spaces in the category of vector spaces
are well-known examples. Formally, a pair of objects in a category has a
biproduct if the canonical morphism between a product and a coproduct is
an isomorphism [1]. Knowing the notion of limits in 2-categories, one can
generalize this definition to a 2-category. However, as it will appear in the
current paper, the categorification of the algebraic definition of biproducts
is not the straightforward task of weakening 2-identities to 2-isomorphisms,
as these 2-isomorphisms should satisfy some further equations. To this end,
one should give thorough consideration when equipping the 2-category with
additions for upper morphisms.
The algebraic definition of biproducts is described in CMon-enriched
categories: categories whose hom-sets are commutative monoids. Corre-
spondingly, one would expect to obtain the algebraic definition of 2-biproducts
in a 2-category enriched over the 2-category of symmetric monoidal cate-
gories. However, for the practical purpose of using matrix notation, partic-
ularly while proving the main theorem, in this paper each Hom-category is
a semiadditive category, i.e., the monoidal product in each Hom-category is
1
a biproduct. In other words, we define 2-biproducts in a 2-category whose
Hom-categories have additions of 1- and 2-morphisms and constant 1- and
2-morphisms. We will see that if 2-morphisms horizontally and vertically dis-
tribute over monoid additions, then zero 1-morphisms (1-morphisms which
are both initial and terminal) are constant 1-morphisms, which is not a
trivial statement in general.
Because 2-morphisms compose in vertical and horizontal directions, a 2-
category can have distinct vertically or horizontally constant 2-morphisms.
In a 2-category whose Hom-categories are semiadditive categories or a lo-
cally semiadditive 2-category, a canonical choice for vertically constant 2-
morphisms are zero 2-morphisms: 2-morphisms that factorize through zero
1-morphisms. Interaction via the interchange law makes 2-morphisms also
horizontally constant, since as we show in Proposition 21, if a 2-category
has constant 2-morphisms in both directions; then they are the same.
Considering a 2-category with the above description and the fact that
strict 2-limits are the special case of weak 2-limits, we define weak 2-biproducts
and demonstrate the compatibility of this definition with weak 2-products
in a locally semiadditive distributive 2-category.
Finally, unlike categories with biproducts which one can show areCMon-
enriched, a semiadditive 2-category is not categorically enriched over the
2-category of semiadditive categories. We discuss the complexity of the 2-
categorical case and present a counterexample that displays the considered
2-category does not involve any enrichment.
Remark 1. For a concise review of bicategories check [2]. By a 2-category
we mean a strict 2-category: bicategories whose associators and unitors are
identities.
Remark 2. In this paper, all categories and 2-categories are small.
Convention 3. Capital letters, A,B, .. are reserved for objects, small let-
ters f, g, ... for 1-morphisms and Greek letters α, β, ... for 2-morphisms. Hor-
izontal composition is denoted by juxtaposition and vertical composition of
2-morphisms by ⊙.
2 Constant morphisms
2.1 Constant morphisms in categories
Before exploring constant morphisms at the different cell levels in 2-categories,
we recall the definition of constant morphisms in categories. We also present
some theorems that we need 2-categorical counterparts in the next section.
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A constant morphism is a particular morphism whose the left (or right)
composites for all composable morphisms are equal. Generally, a category
can have constant morphisms for some pairs of objects but not all of them.
However, if all hom-sets have constant morphisms; then they should be
compatible and unique. The review part is mainly from [3] and nLab.
Definition 4. A morphism f : X −→ Y is left constant if for every object
W and every pair of morphisms h, g : W −→ X, right composition with f
is the same, fg = fh.
Definition 5. A morphism f : X −→ Y is right constant if for every object
Y and for every pair of morphisms h, g : Y −→ Z , left composition with f
is the same, gf = hf .
Definition 6. A morphism is constant if it is both left and right constant.
The below definition indicates the compatibility condition between con-
stant morphisms in hom-sets.
Definition 7. A locally pointed category is a category whose hom-sets for
every pair of objects (A,B) have a morphism ⋆B,A : A −→ B such that
for a pair of morphisms f : A −→ B and g : B −→ C, the below diagram
commutes.
A B
B C
⋆B,A
gf
⋆C,B
⋆C,A (1)
Proposition 8. In a locally pointed category, the family of constant mor-
phisms is unique.
Proof. Consider two different families of constant morphisms {⋆} and {⋆′}.
IfA
⋆B,A
−−−→ B
⋆C,B
−−−−−−−−−−→→
⋆′
C,B
C, then from left constantness of ⋆′, we have ⋆′C,B⋆B,A =
⋆′C,A and from right constantness of ⋆, we have ⋆
′
C,B⋆B,A = ⋆C,A therefore,
⋆C,A = ⋆
′
C,A for every (A,C).
Definition 9. In a category, a zero object is an object which is simultane-
ously initial and terminal.
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Definition 10. A pointed category is a category with a zero object.
Definition 11. In a category with a zero object, a zero morphism is a
morphism which factorizes through the zero object.
Proposition 12. Every pointed category is a locally pointed category.
Proof. We need to show each hom-set has a constant morphism and they
are compatible. Since the category has a zero object, so each hom(A,B) has
a zero morphism ⋆B,A = eBuA, and that is constant, because eA is right-
and uA left-constant.
0
A B
uA eB
⋆B,A
(2)
To prove the compatibility, consider the figure below, ˆ0BC commutes be-
cause of the uniqueness of u, ˆA0C commutes due to the uniqueness of the
factorization of 0C,A, ˆA0B commutes for the same reason, so ABC with
edges (g, 0B,A, 0C,A) commutes.
B C
A B
0
0C,B
f 0C,A
tA uA
uCtB 0B,A
g
(3)
The below triangle, ABC with edges (f, 0C,A, 0C,B), commutes by the same
reasoning.
Remark 13. In a pointed category, the family of zero morphisms is the
only family of constant morphisms thanks to Proposition 8.
Remark 14. A category might have constant morphisms but not a zero
object.
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2.2 Constant morphisms in 2-categories
A 2-category can have constant 1- or 2-morphisms; we start from the top
level. Constant 2-morphisms exist independently for horizontal or vertical
compositions. For example, it is possible for Hom-categories to be locally
pointed with respect to the internal (vertical) composition of 2-morphisms.
It is also conceivable to have a 2-category with horizontally constant 2-
morphisms, although we cannot think of a specific non-trivial example.
Hence, it seems constant 2-morphisms in both directions exist completely
independently of each other, but if a 2-category has two different families of
horizontally and vertically constant 2-morphisms then they collapse, due to
the interchange law.
Definition 15. A 2-morphism ∗h,k : k ⇒ h is left constant if for every pair of
2-morphisms, ξ, γ : f ⇒ g, horizontal composition on the right ∗h,kξ = ∗h,kγ
is the same.
A B C
f
g
k
h
ξγ ∗h,k (4)
Definition 16. A 2-morphism ∗h,k : k ⇒ h is right constant if for every
pair of 2-morphisms α, β : l⇒ m, horizontal composition on the left β∗h,k =
α∗h,k is the same.
B C D
k
h
l
m
∗h,k α β (5)
Definition 17. In a 2-category, a horizontally constant 2-morphism is a
2-morphism which is left and right constant.
Definition 18. A 2-morphism ∗k,g : k ⇒ g in a 2-category is down constant
if for every pair of 2-morphisms β, α : f ⇒ g, vertical composition from
above ∗k,g ⊙ β = ∗k,g ⊙ α is the same.
5
A B
g
f
k
β α
∗k,g
(6)
Definition 19. A 2-morphism ∗k,g : k ⇒ g in a 2-category is up constant if
for every pair of 2-morphisms ξ, γ : k ⇒ h, vertical composition from below
ξ ⊙ ∗k,g = γ ⊙ ∗k,g is the same.
A B
k
g
h
ξ γ
∗k,g
(7)
Definition 20. A vertically constant 2-morphism is a 2-morphism which is
up and down constant.
We now present the proposition which guarantees that zero 2-morphisms
in Hom-categories are not only vertically but also horizontally constant.
Proposition 21. If a 2-category has a family of horizontally constant 2-
morphisms {∗} and a family of vertically constant 2-morphisms {∗′}, then
they are equal.
Proof. Given 1-morphisms and 2-morphisms shown in Figure 8,
A B C
g j
f
h
k
l
∗′g,f
α
β
∗l,j
(8)
Due to the interchange law in 2-categories, we expect to have:
(∗l,j ⊙ β)(α⊙ ∗
′
g,f ) = (∗l,jα)⊙ (β∗
′
g,f) (9)
6
Because ∗′ is vertically constant. LHS:
(∗l,j ⊙ β)∗
′
h,f
Because ∗ is horizontally constant. RHS:
∗lh,jg ⊙ (β∗
′
g,f )
In the above equations, let B = C and k = j = l = idB . Therefore, we have:
LHS :(∗idB ,idB ⊙ 1idB )∗
′
h,f = ∗h,f
RHS : ∗h,g ⊙(1idB∗
′
g,f ) = ∗
′
h,f
Thus, for every pair of 1-morphisms (h, f), horizontally and vertically con-
stant 2-morphisms are equal.
Remark 22. Generally, 2-identities 1f for vertical and horizontal composi-
tions are not equal, unless f is a 1-identity.
The presence of 2-morphisms requires redefining constant 1-morphisms
because one can obtain both weak and strict versions. We only define the
weak version here; the strict case is given by letting 2-isomorphisms be 2-
identities.
Definition 23. A 1-morphism f : X −→ Y is weakly left constant if for
every object W and every pair of 1-morphisms, h, g :W −→ X, there exists
a 2-isomorphism such that η : fg ⇒ fh.
Definition 24. A 1-morphism f : X −→ Y is weakly right constant if for
every object Y and for every pair of 1-morphisms, h, g : Y −→ Z, there
exists a 2-isomorphism such that η′ : gf ⇒ hf .
Definition 25. A 1-morphism is weakly constant if it is both weakly left
and right constant.
Remark 26. From now on, by constant morphisms we mean weakly con-
stant.
Definition 27. A 2-category with constant 1-morphisms is a 2-category for
which the below diagram commutes up to 2-isomorphisms.
A B
B C
⋆C,A
⋆B,A
gf
⋆C,B
(10)
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Proposition 28. In a 2-category with constant 1-morphisms, the family of
constant 1-morphisms is unique up to 2-isomorphisms.
Proof. : Consider two different families {⋆, η} and {⋆′, β}. Given η−1 : ⋆⇒
⋆⋆′ and β : ⋆⋆′ ⇒ ⋆′, we have β ⊙ η−1 : ⋆⇒ ⋆′.
In a 2-category, Hom-categories might have a zero 1-morphism, which
means having isomorphic initial and terminal 1-morphisms. Existence of
zero 1-morphisms generally is independent of zero objects or constant 1-
morphisms. However, as we shall prove later if a 2-category is distributive;
then, zero 1-morphisms are constant. Moreover, given that the family of
constant 1-morphisms are unique up to a 2-isomorphism, in a 2-category
with a zero object, the canonical constant 1-morphisms are those that fac-
torize through the zero object. Therefore, in such a 2-category, up to a
2-isomorphism, 1-morphisms which factorize through the zero object are
zero 1-morphisms.
Definition 29. An object T is a weakly terminal object, if for every object
A, there exists a 1-morphism from A to T , tA : A −→ T such that for any
other 1-morphism t′A : A −→ T there exists a unique 2-isomorphism between
them γA : tA ⇒ t
′
A.
Definition 30. A zero object is a simultaneous initial and terminal object.
Proposition 31. In a 2-category, a zero object is unique up to an equiva-
lence.
Proof. Consider two distinct zero objects, 0 and 0′, for which there exist
0
f
−→ 0′ and 0′
f ′
−→ 0. Thus, there exit 2-isomorphisms η : f ′f ⇒ id0 and
ǫ : id0′ ⇒ ff
′.
Definition 32. A pointed 2-category is a 2-category with a zero object.
Lemma 33. Every 1-morphism from initial object, I
uA−−→ A is a left constant
1-morphism.
Proof. Consider I
uA−−→ A
g
−−−−−−→→
f
B, the composition of these two 1-morphisms
fuA and guA should be unique up to a 2-isomorphism, because 1-morphisms
from initial objects are unique up to 2-morphisms. Thus, there exists a 2-
morphism γ : fuA −→ guB ; this proves uA is left constant.
Proposition 34. Every pointed 2-category is a locally pointed 2-category.
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Proof. In each Hom-category, there exits a 1-morphism ⋆B,A : A −→ B,
which factorizes uniquely up to a 2-isomorphism through the zero object,
⋆B,A ∼= uBtA. It is constant because uB is left constant by Lemma 33, and
tA is right constant.
0
A B
uBtA
⋆B,A
3 Biproducts
3.1 Biproducts in 1-categories
As mentioned in the introduction, a biproduct in a category is an addi-
tion between objects that induces an addition between morphisms. In this
section, we review some concrete definitions and relevant properties mainly
from [5] and nLab.
Definition 35. A CMon-enriched category is a category whose hom-sets
are commutative monoids and the composition of morphisms is bilinear.
Lemma 36. Every CMon-enriched category is a locally pointed category.
Proof. Consider A
f
−−−−−−−−−−→→
eB,A
B
g
−→ C, for which e is the unit element. So from
linearity of composition g(f + eB,A) = gf + geB,A and since eB,A is a unit
element g(f + eB,A) = gf , thus geB,A is a unit element.
A category can have non-isomorphic products and coproducts, but if
they are isomorphic, this category has biproducts. Another definition is in
the algebraic form, and we intend to introduce its corresponding version in
2-categories. Algebraic definitions, whenever they exit are more desirable
since, for instance, checking whether they are preserved by a particular
functor, boils down to checking functoriality.
Definition 37. In a locally pointed category, the canonical morphism be-
tween a coproduct of a pair of objects A1, A2, i.e. A1 ⊔ A2 and a product
A1 ×A2 satisfies pkrij = δk,j.
Aj
ij
−→ A1 ⊔A2
r
−→ A1 ×A2
pk−→ Ak
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Definition 38. In a locally pointed category, a pair of objects A and B has
a biproduct if the morphism r is an isomorphism.
Definition 39. In a CMon-enriched category, a biproduct of a pair of
objects (A,B) is a tuple (A⊕B, pA, pB , iA, iB) such that:
pAiA = idA, pBiB = idB , pAiB = 0A,B , pBiA = 0B,A
iApA + iBpB = idA⊕B
Proposition 40. A category with binary biproducts is a CMon enriched
category.
Proof. Define a monoid action in hom(A,B) as below:
f + g : A
△A−−→ A⊕A
f⊕g
−−→ B ⊕B
▽B−−→ B
Commutativity and associativity of + result from associativity and commu-
tativity of ⊕.
Definition 41. A semiadditive category is a category with binary biprod-
ucts and a zero object.
3.2 Biproducts in 2-categories
In order to define 2-biproducts, we substitute categories with 2-categories
and limits with 2-limits. There are four possible limits in 2-categories: strict,
weak, lax and oplax 2-limits [4]. We restrict ourselves to weak 2-limits;
one can get the strict version by letting all weakening 2-isomorphisms be
identities. The definition of 2-products is from [4].
Definition 42. In a 2-category, a weak 2-product of a pair of objects A,B
is an object A×B equipped with 1-morphism projections (pA : A×B −→
A, pB : A×B −→ B) such that:
• for any cone (X, f : X −→ A, g : X −→ B), there exist a 1-morphism
b : X −→ A × B and 2-isomorphisms {ξ} such that (ξA : pAb =⇒
f, ξB : pBb =⇒ g).
• Moreover, for any other cone (X, f ′ : X −→ A, g′ : X −→ B) with a
corresponding b′ : X −→ A × B and 2-isomorphisms (ξ′A : pAb
′ =⇒
f ′, ξ′B : pBb
′ =⇒ g′) and given 2-morphisms (ΣA : f =⇒ f
′,ΣB : g =⇒
g′),
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there exists a unique 2-morphism γ : b =⇒ b′ such that (pAγ) = (ξ
′
A)
−1 ⊙
ΣA ⊙ (ξA).
A B
A×B
X
ff ′ g g′
pA pB
b′b
ΣA ΣB
γ
ξBξA
ξ′Bξ
′
A
Figure 1: Weak 2-product in 2-categories.
Definition 43. In a 2-category, a strict 2-product of a pair of objects is a
weak 2-product whose weakening 2-isomorphisms ξA and ξB are identities.
Remark 44. Observe that unlike 1-limits, because a 1-morphism from X
to A × B is not unique, corresponding to each of these 1-morphisms there
exists a cone with the same apex X. Also, for weak 2-limits, each of the
side triangles commutes up to a 2-isomorphism.
Definition 45. A locally semiadditive 2-category is a 2-category whose hom-
categories are semiadditive (have binary biproducts and zero 1-morphisms).
Definition 46. A locally semiadditive distributive 2-category is a locally
semiadditive 2-category whose 2-morphisms distribute over addition of 2-
morphisms. That is:
f ◦ (α+ β) = f ◦ α+ f ◦ β (11)
α⊙ (β + γ) = α⊙ β + α⊙ γ (12)
Proposition 47. In a locally semiadditive distributive 2-category, the com-
position of 1-morphisms is distributive over biproducts of 1-morphisms.
f(g ⊕ h) ∼= fg ⊕ fh
Proof. Notice π and ν are 2-morphism projections and injections. From
universality of products of 1-morphisms shown in Figure 2, we have:
(f ◦ πh)⊙ α = πfh, (f ◦ πg)⊙ α = πfg
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and universality of coproducts of 1-morphisms results in:
α′ ⊙ (f ◦ νh) = νfh, α
′ ⊙ (f ◦ νg) = νfg
Composing the first set with the second set, we have:
α′ ⊙ (f ◦ νh)⊙ (f ◦ πh)⊙ α = νfh ⊙ πfh (13)
α′ ⊙ (f ◦ νg)⊙ (f ◦ πg)⊙ α = νfg ⊙ πfg (14)
Considering:
f ◦ (α+ β) = f ◦ α+ f ◦ β (15)
α⊙ (β + γ) = α⊙ β + α⊙ γ (16)
and adding two sides of Equations 13 and 14, we get:
α′ ⊙ (1f [(νg ⊙ πg) + (νh ⊙ πh)]⊙ α = νfg ⊙ πfg + νfh ⊙ πfh
which is:
α′ ⊙ (1f ◦ 1g⊕h)⊙ α = 1(fg⊕fh)
and therefore α′⊙α = 1fg⊕fh. One can also show α⊙α
′ = 1f(g⊕h) by using
the above equations; hence, α is an isomorphism.
fg
f(g ⊕ h)
fh
fg ⊕ fh
fν
g
fπ
g fπ
h
fν
h
αα′
ν f
g
ν
f
h
π f
g
π
f
h
Figure 2: Proof of Proposition 47.
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Proposition 48. In a locally semiadditive distributive 2-category, zero 1-
morphisms are constant 1-morphisms.
Proof. Consider the above theorem, so for every g we have g(f⊕0) ∼= gf⊕g0.
On the other hand, f⊕0 ∼= f which shows g0 ∼= 0 because zero 1-morphisms
are unique up to 2-isomorphisms.
We now introduce the definition of 2-biproducs:
Definition 49. In a locally semiadditive distibitive 2-category, a weak 2-
biproduct of a pair of objects (A,B) is (A⊞B, pA, pB , iA, iB , θA, θB , θAB, θBA, θP )
such that:
• 1-Morphism projections and injections:
pA : A⊞B −→ A, pB : A⊞B −→ B
iA : A −→ A⊞B, iB : B −→ A⊞B
• Weakening 2-isomorphisms:
θA : pAiA ⇒ idA, θB : pBiB ⇒ idB ,
θBA : pBiA ⇒ 0B,A, θAB : pAiB ⇒ 0A,B ,
θP : iApA ⊕ iBpB ⇒ idA⊞B
• Conditions for 2-biproducts:
pAθP iA =
[
(pAiA)θA 0
0 0
]
, pBθP iB =
[
0 0
0 (pBiB)θB
]
Definition 50. In a locally semiadditive distributive 2-category, a strict
2-biproduct is a weak 2-biproduct whose weakening 2-isomorphisms {θ} are
identities.
Definition 51. A semiadditive 2-category is a locally semiadditive distribu-
tive 2-category with weak binary 2-biproducts and a zero object.
To prove the consistency of this definition with weak 2-products, we need
the following lemmas.
Lemma 52. In a 2-category, if pAiA : A −→ A and θA : pAiA ⇒ idA, then
(pAiA)θA = θA(pAiA).
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Proof. Given f, g : B −→ A and λ : f ⇒ g, one can obtain (pAiA)λ =
[θ−1A g] ⊙ λ ⊙ [θAf ]. If we let f = pAiA and g = idA and λ = θA, we obtain
the desired equality.
Lemma 53. In a locally semiadditive 2-category, θBA : pBiA ⇒ 0B,A and
θAB : pAiB ⇒ 0A,B are zero 2-morphisms.
Proof. Because 0A,B is a zero object in the Hom-category Hom(A,B) and
because each set of 2-morphisms should have a zero 2-morphism and θAB is
unique, it is indeed a zero 2-morphism.
Lemma 54. In a locally semiadditive 2-category, 1pAiB = 0 and 1pBiA = 0.
Proof. From Equation 17, we have θAB ⊙ 10 ⊙ θAB = 1pAiB . Because each
Hom-category has a zero 1-morphism, 10B,A = 00B,A , also from the previous
lemma θAB = 0. Therefore, 1pAiB = 0.
0B,A 0B,A
pBiA pBiA
θBA
10
θ−1BA
1pBiA
(17)
Lemma 55. In a 2-category, for a unique 2-morphism γ : h ⇒ h′ if there
exists an isomorphism θP : idA ⇒ l, then γ has a transformation as follows:
(θ−1P h)⊙ (lγ)⊙ (θPh) = γ
Proof. Follows from Figure 3.
A B = A B
lh
lh′
h
h′
h
h′
γ
θPh
lγ
θ−1P h
′
Figure 3: Proof of Proposition 55.
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Lemma 56. In a locally semiadditive 2-category, considering the definition
of 2-biproducts and r = iApA ⊕ iBpB, the 2-morphisms ΣA : pAr ⇒ pA and
ΣB : pBr ⇒ pB given by:
ΣA =
[
θApA 0
]
, ΣB =
[
0 θBpB
]
Proof. Given Diagram 4, we have: λ =
[
θApA 0
0 θA,BpB
]
and π1 ⊙ λ = ΣA.
One can similarly show that for π2 ⊙ λ
′ = ΣB, and λ
′ =
[
θB,ApA 0
0 θBpB
]
.
pA
pAiApA
pAr
0A,B
pAiBpB
pA ⊕ 0A
θApA
ν1
π1
θABpB
ν2
π2
λ
ν1 ν2
Figure 4: λ = ν1 ⊙ θApA ⊙ π1 + ν2 ⊙ θA,BpB ⊙ π2.
Lemma 57. In a semiadditive 2-category, for every 1-morphism written as
h = iAf ⊕ iBg and given a 2-isomorphism θP : idA ⇒ iApA⊕ iBpB we have:
θPh =
[
iA(θ
−1
A f) 0
0 iB(θ
−1
B g)
]
Proof. Shown in Figure 5,
iAf
iApAiAf
(iApA ⊕ iBpB)h
iBg
iBpBiBg
h
α
π1
β
π2
θPh
π1 π2
Figure 5: Proof of Lemma 57, α = iAθ
−1
A f and β = iBθ
−1
B g.
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Following the 1-categorical case in [5, 6], in the next theorem we show the
consistency of the definition of weak 2-biproducts with weak 2-products.
Although we believe and will discuss it further in the final section that it is
not perhaps a suitable categorification for biproducts, this theorem proves
our definition is a special case of a more general version of 2-biproducts.
Nonetheless, our explicit method in the following theorems and previous
lemmas is illuminating for the general case.
Theorem 58. In a locally semiadditive distributive 2-category, the following
conditions for a pair of objects A and B are equivalent:
1. the weak 2-product (P, pA, pB) of A,B exists.
2. the weak 2-coproduct (P, iA, iB) of A,B exists.
3. the weak 2-biproduct
(P, pA, pB , iA, iB , θA, θB , θAB, θBA, θP )
of A,B exists.
Proof. 1 =⇒ 3: To obtain the algebraic definition of weak 2-biproducts, we
check the universal property of weak 2-products for (A, idA : A −→ A, 0B,A :
A −→ B, iA : A −→ P ) and (B, idB : B −→ B, 0A,B : B −→ A, iB : B −→
P ). From the product definition, we know that there exist two morphisms
(γA : pAiA =⇒ idA, γB : pBiB =⇒ idB), so we let θA := γA and θB := γB.
To find θp, we check the universality condition for P and the two 2-cones:
1. (P, pAl : P −→ A, pBl : P −→ B, l : P −→ P ), l := iApA ⊕ iBpB
2. (P, pA : P −→ A, pB : P −→ B, idP : P −→ P )
2-morphisms between these two cones are as below, by Lemma 56:
ΣA =
[
θApA 0
]
: pAiApA ⊕ pAiBpB ⇒ pA,
ΣB =
[
0 θBpB
]
: pBiApA ⊕ pBiBpB ⇒ pB
Therefore, θP =
[
iAΣA
iBΣB
]
=
[
iAθApA 0
0 iBθBpB
]
Considering Lemmas 54, 52 and the fact that (1pAiA)
2 = 1pAiA , we can
show that θP satisfies the condition on A, proving the condition on B is
similar:
pAθP iA =
[
(pAiA)θA(pAiA) 0
0 0
]
=
[
(pAiA)θA 0
0 0
]
.
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3 =⇒ 1:
Check the universality condition for arbitrary cone (X, f : X −→ A, g :
X −→ B) and let h = iAf ⊕ iBg so:
ξA : pAh = pA(iAf ⊕ iBg)⇒ f
ξA = θAf ⊙ π1, ξB = θBg ⊙ π2
Given another cone (X, f ′ : X −→ A, g′ : X −→ B), by letting h′ =
iAf
′ ⊕ iBg
′, we have ξ′A = θAf
′ ⊙ π1 and ξ
′
B = θBg
′ ⊙ π2 and given 2-
morphisms: (ΣA : f =⇒ f
′,ΣB : g =⇒ g
′), we need to prove there is a
unique γ : iAf ⊕ iBg =⇒ iAf
′ ⊕ iBg
′ such that
(pAγ) = (ξ
′
A)
−1 ⊙ ΣA ⊙ ξA
This will be satisfied by letting γ =
[
iAΣA 0
0 iBΣB
]
. Notice that (ξA)
−1 =
ν1 ⊙ (θ
−1
A f) and pAiAΣA = (θ
−1
A f
′)⊙ ΣA ⊙ (θAf).
Uniqueness of γ: Assume that there exists another 2-morphism γ′ :
iAf ⊕ iBg ⇒ iAf
′ ⊕ iBg
′ such that it satisfies all corresponding conditions.
Using Lemmas 55 and 57:
γ′ = (idp)γ
′ = (θ−1P h
′)⊙ [(iApA ⊕ iBpB)γ
′]⊙ (θPh)⇒
γ′ =
[
iA(θAf
′) 0
0 iB(θBg
′)
]
⊙
[
iA[(θ
−1
A f
′)⊙ ΣA ⊙ (θAf)] 0
0 iB [(θ
−1
B g
′)⊙ ΣB ⊙ (θBg)]
]
⊙
[
iA(θ
−1
A f) 0
0 iB(θ
−1
B g)
]
=
[
iAΣA 0
0 iBΣB
]
and therefore, γ = γ′.
Notice that θPh = ν1 ⊙ (iA(θ
−1
A f))⊙ π1 + ν2 ⊙ (iB(θ
−1
B g)) ⊙ π2. By letting
X = P , f = idA, and g = 0B,P we have h = iA and ξA = θAidA therefore
θPh = θP iA and
pAθP iA =
[
(pAiA)θA 0
0 0
]
which is exactly one of the conditions of the 2-biproduct definition.
As mentioned earlier, the categorification of the canonical definition of
biproducts is achievable in a rather simpler way by only using the notion of
weak 2-limits in 2-categories. In the following, we first state this definition
and examine its compatibility with the algebraic definition.
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Definition 59. In a locally semiadditive distributive 2-category, canonical
1-morphisms between a 2-coproduct of a pair of objects A1, A2, i.e. A1 ⊔
A2 and a 2-product A1 × A2 satisfy θk,j : pkrij ⇒ δk,jidj , if θk,j are 2-
isomorphisms.
Aj
ij
−→ A1 ⊔A2
r
−→ A1 ×A2
pk−→ Ak
Remark 60. This canonical 1-morphism r is not unique so, for any pair of
such 1-morphisms, there exists a unique 2-morphism γ : r ⇒ r′ such that
pkγij = θ
′
k,j
−1 ⊙ θk,j.
Remark 61. The 2-isomorphisms θi,j for i 6= j are zero 2-morphisms, ac-
cording to Lemma 53.
Definition 62. In a locally semiadditive distributive 2-category, a pair of
objects A and B has a weak 2-biproduct if the canonical 1-morphism r is an
equivalence and satisfies the following conditions:
A1 ⊔A2
r
−→ A1 ×A2, A1 ⊔A2
r′
←− A1 ×A2
ξA×B : rr
′ ⇒ idA×B , ξA⊔B : idA⊔B ⇒ r
′r
(r′ξA×B)⊙ (ξA⊔Br
′) = idr′ , (ξA×Br)⊙ (rξA⊔B) = idr (18)
To prove the consistency of this definition with the algebraic definition,
we first show 1-morphism projections are weakly monic.
Lemma 63. In a 2-category with binary 2-products, 1-morphism projections
are monomorphisms.
A B
A×B
X
ff g g
pA pB
b′b
1f 1g
γ
ξBξA
ξ′Bξ
′
A
Figure 6: Lemma 63.
Proof. To prove p1 in Figure 6 is mono, we need to show that if p1b ∼= p1b
′
there exists a 2-morphism isomorphism γ : b→ b′. Given two cones (X, f, b)
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and (X, f, b′), there exist isomorphisms ξA : p1b ⇒ f and ξ
′ : p1b
′ ⇒ f
and a unique 2-morphism γ : b ⇒ b′ such that p1γ = (ξ
′)−1 ⊙ ξ. So γ =[
ξ′A
−1 ⊙ ξA
ξ′B
−1 ⊙ ξB
]
and its inverse is γ−1 =
[
ξ−1A ⊙ ξ
′
A
ξ−1B ⊙ ξ
′
B
]
.
Proposition 64. In a locally semiadditive distibutive 2-category, a 1-morphism
r between a 2-coproduct A⊔B and a 2-product A×B of a pair of objects is an
equivalence iff projections and injections satisfy the conditions of Definition
49.
Proof. Suppose we have the algebraic definition of 2-biproducts, that is θα,β :
pαiβ ⇒ δα,βidα and θp : ⊕αiαpα ⇒ idA⊕B . To prove a 1-morphism r, which
satisfies ξα,β : pαriβ ⇒ δα,β , has an inverse, we first need to show that
A⊕B is indeed a 2-product and a 2-coproduct, i.e. it satisfies the universal
property, which is exactly the first part of Theorem 58. Therefore, it remains
to show that r is an equivalence. Let the inverse be r′ = iApA⊕ iBpB. Using
θα,β : pαiβ ⇒ δα,βidα, we have
pArr
′ = pAr(iApA ⊕ iBpB)
λ
=⇒ pA ⊕ 0
π1=⇒ pA
which is λ =
[
ξA,A 0
0 ξA,B
]
. Since pA is monic, there exists an isomorphism
ξA×B : rr
′ ⇒ idA×B such that pAξA×B = π1λ. One can also show that
r′r ⇒ idA⊔B by checking r
′riA and using epiciticy of iA.
⇐ given r and r′ which satisfy ξα,β : pαriβ ⇒ δα,β, ξA⊔B : r
′r ⇒ idA⊔B
and ξA×B : rr
′ ⇒ idA×B . To obtain equations θα,β : pαiβ ⇒ δα,βidα, we
define new injections i′A = riA and claim the 2-product of two objects with
these injections (A×B, i′A, i
′
B) is a 2-coproduct .i.e. it satisfies the universal
property. As it is shown in Figure 7, because (A⊔B, iA, iB) is a 2-coproduct,
there exists a 1-morphism b such that ηA : biA ⇒ f and ηB : biB ⇒ g. Let
c = br′, therefore, for f and similarly for g:
ci′A = br
′riA
bξA⊔BiA
=====⇒ bidA⊔BiA = biA
ηA
=⇒ f
Moreover, (A × B, i′α, pα, α = A,B) is a 2-biproduct of A and B, that is,
θα,β : pαi
′
β ⇒ δα,βidα which is given by the conditions on r and θα,β = ξα,β.
Finally, θp : i
′
ApA ⊕ i
′
BpB ⇒ idA×B is the result of the universal property of
2-products and moniticity of projections.
pA[i
′
ApA ⊕ i
′
BpB ] = pA(riA)pA ⊕ pA(riB)pB
ρ
=⇒ pA ⊕ 0
pB[i
′
ApA ⊕ i
′
BpB] = pB(riA)pA ⊕ pB(riB)pB
ρ′
=⇒ 0⊕ pB
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such that ρ =
[
ξA,ApA 0
0 ξA,BpB
]
and ρ′ =
[
ξA,BpA 0
0 ξB,BpB
]
. We can check
the condition on θp, by pAθpiA =
[
ξA,ApAiA 0
0 ξA,BpBiA
]
as required.
A B
A ⊔B
A×B
X
iA iB
r
c
f g
b
Figure 7: (A×B, i′A = riA, i
′
B = riB) is a 2-coproduct.
4 Matrix Notation
In a 2-category with 2-biproducts, there exist two collections of bases: global
bases, which are 1-morphism projections and injections {p, i} indexed by
objects and local bases, which are 2-morphism projections and injections
{π, ν} indexed by 1-morphisms.
Therefore, the matrix representation of 2-morphisms is 4-dimensional or
2-morphisms are matrices of matrices. That is, matrices whose entries are
matrices. By applying the global projections and injections, one selects an
entry which itself is a matrix whose entries are indexed by local bases. In a
4-dimensional picture, by application of a 1-morphism projection, one picks
a 3-dimensional matrix, a cube, and applying a 1-morphism injection to that
cube selects a square matrix. Thus, each entry of a matrix has four indices:
Latin indices are global and Greek indices are local.
θ =
∑
i,j
∑
α,β
θi,j;α,β |i;α〉 〈j;β|
To unpack the above formula, notice that if we have:
A⊞B C ⊞D
g
f
θ
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then f =
∑
fi,j |i〉 〈j| and g =
∑
gi,j |i〉 〈j|. But if fi,j and gi,j are sums of
two 1-morphisms in Hom-categories: fi,j = f1 ⊕ f2 and gi,j = g1 ⊕ g2, then
pAθiA =
[
πf1θνg1 πf1θνg2
πf2θνg1 πf2θνg2
]
The horizontal composition of 2-morphisms in matrix notation is the tensor
product of matrices and the vertical composition is the Hadamard product
or entry-wise matrix multiplication.
5 Discussion and Future Work
To algebraically define 2-biproducts in a 2-category, the additions of all
upper morphisms are required; hence, one should top-down equip the 2-
category with additions. Reversely, we would expect that similar to cat-
egories if a 2-category happens to have additions of all objects, then one
should be able to show this category is enriched over the 2-category of semi-
additive categories. However, this expectation fails, mainly because the
existence of limits of lower morphisms does not guarantee limits of upper
morphisms.
For an example, take the 2-category CAT which is complete, and con-
sider a category without products A. If T is the terminal category, then
Cat(T,A) ∼= A which does not have products. For the specific case of biprod-
ucts, take the category of relations Rel as a 2-category with Hom-categories
as posets. Rel has as 2-biproducts disjoint unions of sets; however, posets
do not have biproducts since joins (coproducts) and meets (products) are
not the same. Observe also that even in CMon-enriched categories, if con-
sidered as 2-categories, monoid additions are not limit-form additions, they
are monoidal products.
Considering the above discussion, the first step towards generalization
of this definition is by taking a 2-category enriched over the 2-category of
symmetric monoidal categories. We would expect that the conditions of
θp become the tensor product of two 2-morphisms. Additionally, one can
weaken 2-categories to bicategories, which will add associators and unitors
to the main theorem as well as conditions on θP .
In [7], the authors suggest one can type linear algebra in a category with
biproducts. Although in their setting the direct sum of matrices arises from
biproducts of objects, for the tensor product they assume an extra monoidal
product on the category (multiplication of natural numbers). We believe
exploiting 2-biproducts, one can not only type matrices of higher dimensions
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but also, since the horizontal composition of 2-morphisms automatically
yields a tensor product, one might type tensor products of matrices in a
faster way.
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